Abstract. In this article we introduce the notion of strongly poly-free groups and show that the Whitehead group of any such group vanishes. We also show that the pure braid groups are strongly poly-free. Now given any finitely presented torsion free group, to check the vanishing of the Whitehead group for this group, at first one would like to check if this group is the fundamental group of a complete nonpositively curved Riemannian manifold. We consider the case of pure braid group. It is not yet known if these groups can even act faithfully as a group of motions on a simply connected complete nonpositively curved Riemannian manifold. In this paper we introduce a new class of groups, namely the strongly poly-free groups which is a proper subclass of the class of poly-free groups and prove that the Whitehead group vanishes in this class of groups. We also show that the pure braid groups are strongly poly-free. We use some geometric results on 3-manifolds which fiber over the circle, the Fibered Isomorphism Theorem of Farrell and Jones and an induction argument to prove the result.
Throughout this section T will denote the infinite cyclic group and T m the free abelian group of rank m.
We start with the definition of strongly poly-free group. DEFINITION 1.1. A discrete group F is called strongly poly-free if there exists a finite filtration of F by subgroups: 1 = FQ C FI C • • • C r n = F such that the following conditions are satisfied:
(1) Fi is normal in F for each i (2) Yi+i/Ti is a finitely generated free group (3) for each 7 £ F and i there is a compact surface F and a diffeomorphism f : F -> F such that the induced homomorphism /# on 7ri(F) is equal to c 7 in Out(7ri(F) ), where c 7 is the action of 7 on Fi+i/Fi by conjugation and 7ri(F) is identified with Fi+i/r* via a suitable isomorphism.
In such a situation we say that the group F has rank < n.
Here we recall that F is called poly-free if there is a finite filtration by subgroup satisfying condition (2) as above and F^ is normal in F^i for each i.
We denote the class of strongly poly-free groups by SVT. REMARK 1.2. Here we remark that the class SVT is a proper subclass of the class of poly-free groups. Major difference between these two classes is the condition (3) in the definition of strongly poly-free group. This condition is in general not satisfied. For example in [ST2] Stallings gave example of an automorphism of a free nonabelian group which is not induced by a homeomorphism of a compact surface with fundamental group isomorphic to the given free group. Now we state the main theorem of this article: THEOREM 1.3. The Whitehead group Wh(T x T m ) = 0, for every F e SVT and every nonnegative integer m.
We remark that a direct approach to proving Theorem 1.3 via Waldhausen's fundamental work in algebraic if-theory [Wl] and [W2] is obstructed by the lack of a sufficiently strong vanishing theorem for his iVz'Z-groups.
The following corollary is immediate from Theorem 1.3. COROLLARY 1.4. i^(Zr) = 0 for alli<0 andKo(1T) = 0 for every F € SVT.
The main tool to prove the theorem is the Fibered Isomorphism Conjecture of Farrell and Jones ([FJ2] ). If we restrict to the functor of pseudo-isotopy spaces V*() (in the notation of [FJ2] ), then it is proved in [[FJ2] , Proposition 2.3] that the conjecture is true for a connected CW-complex X whose fundamental group acts properly discontinuously and co-compactly via isometrics on a simply connected, symmetric nonpositively curved Riemannian manifold. As mentioned in the proof of Theorem A in [BFJP] this is also true if we replace "symmetric" by "complete" in the statement of Proposition 2.3 in [FJ2] and require 7ri(X) to be torsion-free. In the following proposition we state a version of this theorem for CW-complexes whose fundamental group is an npc-group (see Definition 1.5 for npc-group). The proof of this proposition follows from the above extension of Proposition 2.3 in [FJ2] and Theorem A.8 and Corollary 2.2.1 in [FJ2] and by noting the fact that any npc-group is a subgroup of the fundamental group of a closed nonpositively curved Riemannian manifold.
Before we state the proposition we need the following definition. Obviously the fundamental group of any closed oriented surface of genus bigger than 0 and any finitely generated free group are examples of npc-groups. Below we give some more examples of npc-group which we need for the proof of the Theorem 1.3.
Let J 7 be a finitely generated free group and 7 : J 7 -> F be an automorphism. Suppose the automorphism 7 is induced by a diffeomorphism / : F -* F, where F is a compact 2-manifold with boundary and TTI (F) is isomorphic to T. Then we prove the following lemma:
. The semidirect product T x T, where T is the infinite cyclic group and it is acting on T via the automorphism 7, is the fundamental group of a compact 3-manifold which supports on its interior a complete nonpositively curved Riemannian metric and the metric is a cylinder near the boundary.
Proof of Lemma 1.7. Consider the mapping torus of the diffeomorphism / : F -> F, say M. Clearly 7ri(M) = J 7 x T and M is a compact 3-manifold with nonempty boundary, whose components are tori or Klein bottles. Since the universal cover of the interior of M is homeomorphic to Euclidean 3-space, M is irreducible. Now it is a standard fact that an irreducible 3-manifold with nonempty boundary is Haken. Hence the proof of the lemma follows from the main theorem in [L] . □ Proof of Theorem 1.3. We prove the theorem by induction on the rank of the group r. The n-th induction statement is that Wh{r x T m ) = 0 for all nonnegative integer m and every Y G SVT of rank < n. Induction statement 1 is true since in this case the group F is finitely generated free and the Proposition 1.6 is applicable to the homomorphism p : T x T m -> F.
Assuming the n-th induction statement is true we proceed to deduce the (n + 1)-th induction statement. We start by applying the Proposition 1.6 to the composite homomorphism p : F x T m -> F ->> r/r n = TT. Note that TT is an npc-group and let q : F -> r/r n = TT denote the canonical surjection.
Case 1: Suppose C = 1 in Proposition 1.6 then p" 1^) = r n xT m and Wh(T n x T m ) = 0 since r n is strongly poly-free of rank < n.
Case 2: Assume C is infinite cyclic. Then p~1(C) = ^~1(C) x T m . Now we apply Proposition 1.6 to the composite pi :
We will prove the claim during the end of this proof.
Let Ci be a cyclic subgroup of ^~1(C)/r n _i. If Ci = 1 then p^iCi) = r n _ 1 x T m . Hence pf^COxT" 11 = Fn-! xT m+mi and WhFn-! xT m+mi ) = 0 since r n _i is strongly poly-free group of rank < n-1. Now assume Ci is infinite cyclic. Consider the projection qi : F ->> r/r n _i. Under this projection q~l (C) as a strongly poly-free group of rank < n. Therefore by the induction hypothesis Whip^id) xT mi ) = 0.
Hence applying the Proposition 1.6 to pi yields Wh(q~l{C) x T m ) = 0.
Therefore the proposition can be applied again to p to complete the proof of the theorem, i.e., Wh(r x T m ) = 0.
Now we come back to the claim we made above:
Proof of the claim. We have ^~1(C)/r n _i = ^-x C, where the generator of C acts on r n /r n _i by conjugation. If r n /r n _i = 1 or Z , then ^" 1 (C)/r n _i is either Z or Z 2 or the fundamental group of the Klein bottle. In all cases it is an npc-group. So assume r n /r n _i is a nonabelian free group. Now from the definition of strongly poly-free group and by Lemma 1.7 it follows that q~1 (C)/r n _i is an npc-group. □ 2. Classical pure braid groups. In this section we show that the classical pure braid groups belong to the class SVJ 7 .
We start with some notations and recall the definition of pure braid group. Let P n . = {1,2,... , n} C C, here C denotes the complex plane.
Define M* -{(xi,X2, -•. ,£n) | Xi E C -Pk for each i and xi ^ Xj for i ^ j}. Then the pure braid group B n of n strands is by definition the fundamental group of the space M^. Note that the projection M^ ->• M 3 k to the first k coordinates is a fiber bundle projection with fiber diffeomorphic to M n^Jk . Using these fiber bundles and the homotopy exact sequence of a fibration it follows that the spaces M^ are aspherical, i.e., TT^M^J = 0 for i > 1 and hence B n is torsion free.
The main theorem of this section is the following. Before giving the proof of the theorem we note some generalization of the pure braid group and state a natural conjecture. From the above description we see that the pure braid group is the fundamental group of the complement of the arrangements of hyperplanes {xi -Xj}, for i,j E {1,2,... ,n} and i ^ j in the complex n-space C n . Also it is clear that this complement sits at the top of a tower of fiber bundles:
and at each stage the fiber is the complex plane minus finitely many points. An obvious generalization of this particular type of hyperplane arrangement is the complement of hyperplanes in the complex n-space which has the property that after a linear change of coordinates in C n the complements sits at the top of a tower of fiber bundles with the above property. These arrangements are known as fiber-type arrangements. Obviously the complement of any fiber-type arrangement is aspherical. As we remarked before the example (by Stallings) of an automorphism of a free group which is topologically unrealizable, it is unlikely that the fundamental group of every fiber-type hyperplane arrangement complement is strongly poly-free. But the method of the proof of the Theorem 1.3 suggests the following conjecture: To prove Theorem 2.1 we need an alternative description of the pure braid group. Let E(P n ,C)=space of all embeddings of P n in C. There is an identification of E(P n X) with Af£. Hence B n = iri(E (P n ,C) ). Also note that a path in E(P n ,C) is an isotopy of embeddings and a loop is an isotopy of the inclusion P n C C back to itself.
Proof of Theorem 2.1. We have to give a filtration of B n such that the conditions (l)-(3) are satisfied.
We start with the fiber bundle projection M^ -> M^ which is given by projecting to the first k coordinates: (xi, #2, • • • , £m) -* (#1 ? #2,... , Xk). The fiber of this fiber bundle is diffeomorphic to M m * J fc . From the homotopy exact sequence of a fibration and by an induction argument it follows that each M^ is aspherical. Hence we have an exact sequence:
We define a filtration of B n in the following way: 1 = FQ C FI C • • • C r n = B n , where F^ = 7ri (MJ l~2 ). From the above exact sequence it is clear that F* is normal in r n = B n for each i. So we have checked that a filtration of B n exists satisfying condition (1) in the definition of strongly poly-free group. Now we proceed to check that condition (2) is also satisfied. This follows from the fiber bundle projection M^( i+1) -» M?~i i+1) . The fiber of this fiber bundle is
The burden of the argument is to check the condition (3) in the definition of strongly poly-free group. For this we use the alternative description of B n as the fundamental group of the space E(P n , C) as described in the beginning of this section.
First we fix a representative 7 of some element [7] G B n . We regard the element 7 as an isotopy 7*, t G [0,1] of the inclusion P n C C back to itself. Hence we can apply the isotopy extension theorem to get an ambient isotopy % • C -» C, t € [0,1] extending 7* and starting at idc, i.e., 70 = idc] 7t(i) = 7*0") for all t € [0,1] and for all j = 1,2,... ,n.
We will be particularly interested in 71 which we call the monodromy of the braid 7. Note that 71 leaves 5 = C-Pn-& invariant and hence we define the diffeomorphism / : 5 -» S to be the restriction of 71 to C -Pn-i-Here we note that the surface S is diffeomorphic to the extended complex plane C punctured at the points 1,2,... n-i, 00 and / is a diffeomorphism of C fixing these punctures. Now we can again isotope / to a diffeomorphism which fixes some disc neighborhood of each of these punctures and hence restricts to a diffeomorphism g of a compact surface. Also / and g induce the same outer automorphism of 7ri(S). We already observed that TT^S) = Ti/Ti-i and hence it remains to show that /# = C[ 7 ] in Out^i^S)). Recall C[ 7 ] is by definition the conjugation action by [7] .
Note that 71 naturally induces diffeomorphisms /* : M* ->• M* for all nonnegative integers j and fc with j+k < n by the formula /* (x\, X2,... , Xj) = (71 (xi), 71 (#2), ... ,JI(XJ)) which gives bundle self maps to each of the bundles Mj -> M* provided j + k < n. We will presently use this to prove the following assertion.
Before verifying the claim we use it to complete the proof of Theorem 2.1.
We have the fiber bundle projection: p : M""* -> 5. Recall that 5 = AfJ*~* = C -P n -i. Now the following three facts together with the claim above show directly that /# = C [ 7 ] in Out(7ri(S) 
3.p#o(fr% = (fr%°p#.
It remains to verify the claim. For this purpose we need the following lemma whose proof is left to the reader.
Before we state the lemma we need some terminology. Let cf) : F -» F be a self homeomorphism. Let F^ denotes the mapping torus of </>, i.e., the quotient space of So we have proved that the condition (3) in the definition of strongly poly-free group is also satisfied for the filtration of pure braid group we defined before. Hence the proof of the theorem is complete. D 3. Pure braid groups of surfaces. In this short section we prove that the Whitehead group of the pure braid groups of any compact (connected) surface 5 except for the 2-sphere and the projective 2-plane vanishes.
We define the space M°(iV) for any connected surface N as the space M® we defined before, but we replace C by the space N -<9iV, where dN is the boundary of iV. The pure braid group of N of n strands is by definition the fundamental group of the space M®{N). REMARK 3.2. Here we recall that the pure braid groups of (connected) surfaces are torsion free except for the cases S 2 and RP .
Proof of Theorem 3.1. We divide the proof in two cases:
Case 1: Let 5 be a compact (connected) surface with nonempty boundary. In this case it is easy to adapt the argument proving Theorem 2.1 to show that TTI (M£(S)) is a strongly poly-free group. Now the proof follows from Theorem 1.3.
Case 2: Assume 5 is closed. Consider the fiber bundle projection p : M°(S) ->> M°(S) = S. The fiber of this fiber bundle is M^S) = M^S -*) where * G 5. Note that 7ri(M^_ 1 (S')) is a strongly poly-free group. As TT^S) is an npc-group, we can use the Proposition 1.6. Let C be a cyclic subgroup of 7Ti(S), then p^}(C) is a strongly poly-free group.
This proves the theorem. □
